MATH 251 CALcuULusS I

FinaL ExAM

Farr 2019

Your Name

Your Signature

Solutims

Instructor Name

Problem Total Points Score

1 10

2 10

3 10

4 10

5 10

6 10

7 10

8 10

9 10

10 10
Extra Credit (5)
Total 100

This test is closed notes and closed book.

You may not use a calculator.

In order to receive full credit, you must show your work. Be wary of doing computations in your
head. Instead, write out your computations on the exam paper.

Raise your hand if you have a question.



MaTH 251 CALcULUS 1 FinaL ExAM FaLL 2019

1. (10 points) Let f(z) =22 — 3

T

(a) Using the definition of the derivative, find f’(z). No credit will be given if a different
method is used. [It is recommended you start by writing the definition of the derivative.]

'P,(X\ ~ lim -Y;(X‘\'Vb —£(x)

h=o h
- linmn (X"'h) (X ——
l'\-"’o

5

2 2 2 5
= lim %X 3#2xhth —-x  + 5~
h—=0 h

= lim [Zxh+ hz‘,, l 5x45h SX)]
h=o h h x Cx4h)

= lim | Zx4+0n 4 5 7
hW=0 x (X3 h)

= [2x+ 2
xZ

(b) Write an equation of the line tangent to the graph of f(z) when z = 2.

2 3
£(2)= -—g_-= H-2 - _3:;5:% ; point (Z>i)
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2. (10 points) During a storm, snow is falling on a mountain at a rate of

feet per hour for a three hour period starting at time ¢ = 0.

(a) Determine the net change in the height of snow during the first two hours of the storm. Include
units with your answer.

2
S({ -4 B)At—-»t —,t]si _g_4

3 12 3 3
4 fect J

(b) Determine the height of the snow on the mountain or explain why this is not possible with the
present information.

T+s net PoSS-\o& Jo didermine Hhe he!j’h‘:
because we dont Enow howmuch Spod

was present when Hhe slyrm steurded al £=Q

(c) Observe that M(2.5) > 0 and M’(2.5) < 0. Explain what these two facts indicate about the
snow falling when t = 2.5.

At t=2. 5 the height of +he Snow is mcim%nj
(Smc{ M. S‘)?o) bu:? z’f S meheaSmj at a Slower
rott ( Sinee M'G@3)<0). . .

In shovd, the sform , while sk Joirng, 1S 439*%417?5.
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3. (10 points) The population of ants in a new colony is modeled by the function
1 2
p(t) =500 | t + 5111(1 +t%) | + 200,

where ¢ is measured in months.

(a) Find p(0) and interpret in the context of the problem.

P(o)= 500(0+4Wnld) +200= O+Z00
The t:o'onj atorts with 200 ands.

(b) Find tlim p(t) and interpret in the context of the problem.
—00

lim 500 (-l-. +‘—ztln(l+tz))+2w = 00
- o0
The ands Jeke over the world by +his medel.

(c¢) Find p/'(t).

re lorite p D= 500t + 250 lh(l-l-{:Z) + 200

,Plé = 500 +250 (_—)(zé) =500+ 2L 560t

2+tz

(d) Find p/(1) and interpret in the context of the problem.

p’(D) = 500+ 5%‘-: +50 antS/month

The m/o/z_@ is inc,uu.s}nﬂ bj +50 anb/mam% 413: ;ZA
1" -

) Find hm np /(t) and interpret in the context of the problem.

li m (500 + — 500't = 500 ah')?)/mow/-h
t7p0

In +he /Mj Jerm, the popu/m‘ion of +he Co/orij
fhckases ot the rate of 500 anls per paenth.
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4. (10 points) Consider the function A(x) graphed below. Between x = 3 and x = 5, the graph is of a
semicircle of radius 1.

© a¢-1=|

(d) At what z values, if any, does A’(x) not exist?
X= -2,0,2 3,

2
(e) Evaluate/ Alz)der. = o=

\
1 > 2= 2

(f) Let H(x) = / A(s)ds. What is the value of H(4)?
0

R 7=

@ (g) For H(z) from part f., what is the value of H'(1).

L

\
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5. (10 points) Sketch the graph of a function that satisfies all of the given conditions. Label all
important items in your graph.

(a) The domain of f is (—o0, 00).

0 fa) <oitest-1. & £ is always decieasing

(©) f'(x) <0ifz<—1and f"(z)>0ifz>-1. ccdown o ceup- Suatch at
@ r-n=2 poink ¢ 2) x=-|
(¢) lim f(z)=5and lim f(z)=—2 MSmP‘v'l“ C)’OY"ZM\“'D ,7’5- , 9‘*2

Tr——00

- — _
_J t C"’?D ,
5 Tnpuckion bt
(— v
-
N
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6. (10 points) Differentiate the following functions. For parts (a) and (b), it is not necessary to simplify
yOur answers.

(a) f(z)= \/%Jrarctan(?)x) .
\ -
2 r 2R 2 YAWE
£'D= ) (Ze,)"& (2 1) (2x) . 3
;(24—1 )4’ QXZ'

Zx
AP YV x’-n 3

x4+ | | + 9%

X
(b) g(z) = /z ’ osin(t2)dt = '3‘.3 Z'E.Smcgj c[t
5/&3 = — (Zx SmCi’D

(©) Find 9 by implicit diffrentiation: In(zy) — cosy — ye*

32'5 (ﬁ""ﬁ) +(Sm§)%3 = 3ex+§g X

% +(‘>'«’>§'-3 > (“"j}j—g = Y eX+ exa%
G roms-<V8 = 45

=4[ b +s 42
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7. (10 points) A piece of wire 40 cm long is to be cut to make at most two squares. See the picture

elow. - X
ke bel y 40 -x. lo-3
&" . 01‘1t il 7 /0"%;

[ o o

ri &A{’
(a) Write the combined area of the two squares as a function of z. State the domain.
AC")———x.LCD— > ‘
) domain : [ ) ‘/oj

J C “lskt-

M
S7lu.ml~ S 7 wart

) For what value(s) of = does the area function have a potential maximum or minimum?

A (55:")( 4—2(/0 7{)(‘0 = 8)("/(10- )

»—gX“ 5""3 = X —5;'=O ANSWER '}z’@w{@“

1]

% =5 or x=20 x;O)ZO)‘fO

(c) Where should you cut to minimize the combined area? Maximize the combined area? Justify
the classification of the extrema.

\0‘;:;— -0 ¥ 4’1.,» M A A AN
T ) “inin 1 x=20
L ' J B Mmintmum , Cut aT X=

o) 20 40

First duvivative Test w\cltca‘hs.’)
alocal min at x=20. THs

—

uhl¢k‘t J So ,J’S absoluh

Ends must be a0t MM . Bﬂ Sﬁmm-h«j)
beth give 414«»! Squsars

Bor magimum, dorrt cut
Cor #=0 and y= 40)
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8. (10 points)

A particle is moving with acceleration
a(t) =t + €'l

You measure that at time ¢ = 0, its position is given by s(0) :4 and its velocity is given by
0(0) =6

Determine the position function s(t).

v = g)a(ﬂ-)clir = S)C};a-e,vz')cﬂ:: é£z+2e%+c

6= V()= 6 +2+C,.Se C= f

i V=142, 670 4

$(0)= (vebrdi = S&tﬂ 2672 A)dt

- Lt o gt 4C

Y=3(o) = O+4+p ¥C. Se C=0.

(Séﬁ):%tsklfet/zal-ét I

—
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9. (10 points)
Consider the function g(x) = xv/4 — 22 — 1, part of whose graph is shown below.

1 i
g(/
%4
|
[

—1 4

(a) Write down, but do not evaluate, a computation that approximates ‘Y ﬂé‘)dx using

three right-hand rectangles ’Draw and shade‘ the rectangles on the graph. (No need to
simplify your answer.)

gzﬁlﬂc\xf-& (( Ja-&P-| )4.(% + (fl))

(b) Determine S 66‘) cy exactly. Show your work, and simplify your answer.
d

Z : 2
SOQ Vel ,)) chh = S?Z‘l—xz)%cdx-—g 1o

_,(q._x ] (o 2.) ( (4) -0

= -2+

\

3_.Z
3 3

(¢c) How could you make the estimate in (a) more accurate?

more re c—l—anj ,LS»
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10. (10 points) Newton’s method can be used to find an approximate solution to the equation x? = 8.
To apply Newton’s method to find these roots, let f(z) = 2% — 8.

(a) Use Newton’s method with initial approximation z¢ = 2 to find x;, a better estimate of a root

of the given equation.
oY) - f6a=2x
v\ = AR T
£ (Xg)
Xy -8 2-3 -4

2%, =2- 7-7—:2_ -‘-T:ZH:"B

X, =Xy —

(b) Apply one more iteration of Newton’s method to find z5.

2 2
X, =x _ X -8 3-8 _ )
2' l - -— pdl J— —
2% 3 23 3 )

13
72

-—
—

(c) Notice the equation 22 = 8 has two roots. What value of 2y would make a good choice to find
the other root?

Pf(,l( X = _.2.
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Extra Credit (up to 5 points):

(a) Show that the equation cosz — 2z = 4 has at least one real solution.

COhS]&LV' —CG‘.\: CoS XK ..Zx-‘-’
When x=0, £(0)=1-0-4Y=-3<40
W hen )(:~l/ﬂ) -F(*‘ivr): ) -2 vl-hr).-‘-[: Q7w -3 >0

Since £ 1s continuons and positise at x= =477
Mﬁa‘\-iu at xX=0 H mug}-bz%ua,’-io ryero
Semewhere on +he indevva | ("/7}03 éj +he
'InJ&Vmccl}a‘h_ Va’u&. Theorem.

(b) Show that the equation cosz — 2z = 4 has exactly one real solution. (Hint: what does the
derivative tell you about the behavior of the function g(z) = cos(z) — 2z — 47)

/
6(>/>= -SinX-2.
,()5 =-S < -
Since -SInx< l) we Fnow 49 = Inx-2 £ -

So 6,64) 's always ncﬁa-“w.

So 363 S alwags alzcmsi)zj.
So 66‘) cahn hawt at ),h-ﬁf one mo‘t-



