Spring 2024 Math F251X
Calculus 1: Midterm 1

Name: Ke\; Section: O 9:15am (James Gossell)
0 11:45am (Mohamed Nouh)
O async (Leah Berman)

Rules:

e Partial credit will be awarded, but you must show your work.
e You may have a single handwritten 3” X 5" notecard, both sides.

o Calculators are not allowed.

e Place a box around your [FINAL ANSWER | to each question where appropriate.

o Turn off anything that might go beep during the exam.

Good luck!

Problem Possible | Score
16 |
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8
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8
Extra Credit 5

Total 100
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Math F251X: Midterm 1 Spring 2024

1. (16 points)
The entirety of a function H(x) is shown below. Use the graph of H(x) to answer each question below. If
a limit is infinite, indicate that with co or —co. If a value does not exist or is undefined, write DNE.

a. What is the domain of H(x)? Write your answer in interval notation.

(-00,-S) v (-S, )

domain =
b lim H() =22 f. lim H(x) = 2 j. lim H(x) = -1
¢. lim Hx =12 9. H3) =S
k. lim H) -1
o =Y e 22
e. lim H() -_Z_ i HO)=_L L H(3) =1

m. Is H’(-3) defined? Why or why not? Explain your answer in a few words.

2

o o 0in Y lan -H-Q()—.—H{:i)— ' H(‘) - He-3)
N . lf ‘\ I a P i. Kam u", xl"‘3_ » -(-g) Ja" ,"f er,.‘ xl:_xf W

n. List the values of x in the interval (—oo, c0) where H(x) is NOT continuous. If H(x) is continuous
everywhere, write “none”.

-5,0,3

xX=
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2. (12 points)
Compute the following limits. Show your work. Use limit notation where necessary; you will be graded
both on your computation and on your correct use of notation.

If the limit does not exist, write DNE and a few words about why it does not exist. If the limit increases
without bound, write oo or —co.

l'mex+4 egi'q Q}"'L‘
1 =
a -3 x—8 1-3% -5
t+2)+3) _ (242)(2+3) _ Y.
b. lim = e = .-»,!_ o0
t—2- 1(1—2) 2('2-—2) 1'0 .—-J
c. lim Vx+ \/— l'm (xe\n "r) (Jx+ +J") , k+h~-x
. [} y e
h—0 h-to 8 (J&*k +Jx) ;.-7'0 L(J';IT +J7)
h : 1 A
[lM ]lm —_— = 7
hae hETk +&)  ho Jaom ol Jx+ % 2dx
d. A function f(x) has been numerically evaluated as follows:
[ x 1.001 1.0001 | 1.00001 || 0.99999 | 0.9999 | 0.999
f(x) [ 1.50150 | 1.50015 | 1.50002 | 1.49999 | 1.49985 | 1.49850
1.5

Estimate lirrll fx) =
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3. (10 points)

Consider the function 3
fr)==+ 7.
x

Find f’(2) using the limit definition of the derivative and show your work using all appropriate notation.

No credit will be awarded for using other methods. Begin by writing down the limit definition of the
derivative. You must write limits where necessary to receive full credit.

3 .\ (/3 7) 3 .3z
')z lim ((2*1.)"”) (22 ) /o= lim _(a#n)* Y
h=yo L h=o L\
12 - 3(2+h)*
< Jim 4(2+n)* = i (2 -12 -12h-3}° : ';m - 3h(4 +))
h¥o L h 0 L“\(Z"L)z h=o L“\(Z"’L)z

[ =3C4eR) =39 3]

TTOSE R T v
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4. (12 points)
A certain population of rabbits can be modeled by a function P(z), where  measures time, in years, since
2018.

a. Suppose you are told that P(5) = 285. Write a sentence explaining what this means in the context
of the problem, and use units in your answer.

In 202?, erﬂ are 285 roLLZi’s.

b. Suppose, in addition, you are told that P(0) = 20. What is the average rate of population change
between 2018 and 20237 Do a computation to determine this quantity, and write your answer in a
sentence, including units.

Ln 2008, there were 2Q calbity, Between 201§ ad 2023, He werage eote of

285-20  24S _
s &5

-5:} rquit‘: per yenr

Forvlal'('an CLM7? was .

c. The quantity P'(5) = 85. Write a sentence explaining what this means in the context of the problem,
and include units in your answer.

In 2023, 'H\t l‘auﬁ" rorv'n{'ioq was increnrim’ at a rqi‘e o]c gs rq“):l'r r year

d. Suppose that P’(¢) < O for 7 > 8. Write a sentence explaining what this means in the context of the
problem.

Abter 2026, the cobbit rorolqlion will be Jeclfnc',.?_
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5. (12 points)
Consider the function g(x) = x> + 6x> + 9x + 10 whose graph is shown below.

t.n,en*/ 15 45
(x)
10
5 -
x\..
-5/ -4 -3 -2 -1 1
-5 ——
10 —4—

a. Draw and label (with the word “tangent”) the tangent line to the graph at the point (-4, g(-4)) =
(-4, 6) shown on the graph.

b. Find g’(x). (You do not need to use the limit definition of the derivative to answer this problem.)

7'0‘) = Sx¥ +12x+9

¢. Write down an equation for the tangent line at the point (—4,6). Your equation should use point-
slope form: that is, it should be of the form y = m(x — x1) + y1.

m= g () = 3¢ 126 T = 9

equation of tangent line: _/ = Ux+4)+ 6

d. Do a computation to determine (exactly) the x-coordinates of all points on the graph where there is
a horizontal tangent line. Show your work.

Set ¢'(x) equal to 0° 3x*+l2x #7150 x+Yx +3:0 9 G+3)(kel)=0

""7)(:-3“-1

e e
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6. (8 points)
Match the graph of each function (a) — (d) with the graph of its derivative, chosen from the list of graphs I
— IX. Write your answer in the blanks below.

Your answers:

i. The derivative of graph (a) is vV . ii. The derivative of graph (b) is ﬂ_
iii. The derivative of graph (c) is Il iv. The derivative of graph (d) is X
The graphs:

»

AN
VRV

(a) (b)

S
N/

(©) (d)

Possible derivatives:

‘ — o—
ZQV%Z P
== o—p
L ‘ 1. ‘ 111 ]

V. r V. | VI )
i\; ' —
VIL VIIL IX. i

v]

q
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7. (10 points)

Let
4

> x<1

X+ Xx
f&x) =141 x=1

2—-2x
5 x>1

X—X

a. Evaluate lil? f(x). Show supporting work, including correct use of limit notation.
x—1"

1
lim £0) = ._._j—-z %:@

X1 1+ _17‘

b. Evaluate lir{l f(x). Show supporting work, including correct use of limit notation.
x—=1*

2-7 - _
lim €6) = lim = = |im 29, £.2.[7]
x31* x21* ¥ 7K x91' x(1-2)  xoapr ¥ 1

c. Evaluate f(1). ‘F(i) : B—]

d. Based on your answers to parts (a), (b) and (c), check the true statement(s) below:

O f is continuous at x = el

# £ has a removable discontinuity at x = B. 1
O f has a jump discontinuity at x = &. 1

O f has an infinite discontinuity at x = 8l

O None of the above.
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8.

(12 points)

Spring 2024

For each of the following functions, compute the derivative. You do not need to simplify your answers.
Your answer must begin with f'(x), %, %, y’, or similar notation, as appropriate to the problem.

1
a. f(x) = x°=7x" + = + cos(2)
x2

fl(x) = st - ng? - 2)&-?

b. g(6) = (28 + ) sin(6)

7‘(6)= lsinb t (26+w)cos6

S, 2
c.h(z):t—+\;-_t-—4 = +5+ JT -4t S

HORR IR TRV I

)C2
d. k(x)= ';3—4'3
k'(x) - f_x(x +2) = 3: (ZX)
(x* +2)

vl
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9. (8 points)
A particle moves back and forth along a coordinate axis in such a way that its position at time ¢ is given

by the function
s(t) =t — cos(?).

The position of the particle is measured in millimeters, and time is measured in seconds.
a. Determine the velocity function v(f) and the acceleration function a(z) of the particle.
V({-) = 5'(“’) = l + sin {'
ad) = "(#) = coct

b. What is the initial velocity of the particle? Give units in your answer.

v(0) = 1 # sinl0) = 1 MM/

c. Attime ¢ = £ is the particle speeding up or slowing down? Explain how you know with a computa-

tion and some words.

() Lol 1rbes Soe b (Bl olE) i

H« par}licle is sgeelt'ng 73 af f=% Secands.
a(E): @ (F) = 3

d. On the time interval [0, 7], does the particle ever stop? Explain your answer with a computation and

some words.

ij never s{'ops. This s becaese v(t) = L+gint is never O en [0,11‘],

10 vl
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Extra Credit: (5 points) Consider the function f(x) = 7

i. What is f(0)?

£(0) 1.0 =1

ii. Whatis £(3)?
3

£(3): —2— = -
(3) = Y

h

iii. Can we use the Intermediate Value Theorem to conclude that f(x) = O for some x in the interval
[0,3]? If so, write an explanation for how the Intermediate Value Theorem lets us conclude this. If
not, explain why not.

We cannel cenclede Hod (=0 qn [0,3_]. Thic is because £(¥) i nat
(onfinoaos ot ;(::l, and 1 is i The interval (0,3).
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