SECTION 5.1: AREA UNDER A CURVE

Approximating the area under a curve

Below is a piece of the graph of y = 22. We wish to estimate the area under the curve bounded between
the z-axis, z = 0, z = 1, and the curve.
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1. Slice up the axis between = = 0 and x = 1 into 4 evenly spaced slices. Use the right-hand edge of
the slice to construct rectangles whose height is the height of the function at the right-hand edge
(i.e., you are using the RIGHT-HAND ENDPOINT of the slice to construct the rectangle). Actually
draw the rectangles on the above graph! Your picture should look something like the right hand
smaller figure. Compute the area of each rectangle: Make sure to use the height of the rectangle
determined from the function: don’t estimate it from the graph! (For example, the height of the
first rectangle is (1/4)? = 1/16)
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Is your estimated area bigger or smaller than the total area under the curve? Why?
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2. Now slice up the area under the curve into 1
four equally-spaced slices. Draw in 4 rectan-
gles and use the LEFT-HAND ENDPOINT of each ) ¢
slice to determine the height of the rectangle.
Compute the area of each rectangle. 0.6 /
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Determine the total area of the rectangles (use the function to determine the height, not the graph!):
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Is this an overestimation or an underestimation? Why?
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3. Now slice up the segment between z = 0 and 1

xz = 1 into four equal pieces. Using the MID-
POINT of each piece to determine the height ¢ @
of each rectangle, draw in four rectangles, and
determine the area of each rectangle (use the 0.6
function to determine the heights, not the pic- ’ @
ture!).
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Determine the total area of the rectangles (use the function to determine the heights, not the pic-
ture!):
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What do you think: based on your rectangles, is this an overestimation or an underestimation?
(The other two rectangle types should have been obvious; this one is considerably more subtle.
Make some sort of argument in favor of one choice or the other.)
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Better area approximations ‘ \WoR
4. Now we want to try to get a better estimation 1 8
for the area. This time draw in 8 rectangles,
using the RIGHT-HAND ENDPOINT to construct 0.8 -
each rectangle. v
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Write down a calculation (you don’t have to actually do the comgutation) to determine the area of
the 8 rectangles. Is this area a more accurate estimation of the area under the curve than when you
used 4 rectangles? Why?

ORI T I RO IR 163 S (E TN

Mo ocCurate- (e ovtrage

5. Suppose you had n equally-spaced rectangles, labelled 1,2, ... ,4, ..., n, constructed between z = 0
and = = 1 (like the 8 above, only this time with n). If they were constructed using the right-hand
endpoint, what is the height of rectangle i? What is the width? C
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Write down a computation giving the total area of the n rectangles, and simplify it as much as
possible. (Since you don’t know what n is, you can’t write all n terms, so use ... to indicate the
ones you don’t write down.)
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6. Itisafactthat 12 +22+3%+ ...+ (n—1)2+n? = w. Use this fact to rewrite the total
area of n rectangles. Simplify your answer.
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7. Write down a statement involving limits which uses right-hand rectangles and gives “the best”
approximation of the area under the curve (you should use what you have previously figured
out!) (You will get better and better approximations as n gets bigger and bigger (so you have
more, skinnier, rectangles). How can you translate this into a statement about limits?)
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8. Compute the limit. We are actually going to define the area under the curve to be that limit, so
the value you have computed is the area under the curve. Of the three approximations of the area
under the curve using 4 rectangles (left-hand endpoint, right-hand endpoint, midpoint), which
gave the best approximation?
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