SECTION 4.8 NEWTON’S METHOD

1. Newton’s Method is an iterative rule for finding roots.

Given: F(z)
Want: a so that F'(a) =0
Guess: g close to a

F(xx)
F'(xe)

Plug in and Repeat: = -_
X Xk

2. Let F(z) = 22 — 2.

(a) Using elementary algebra, find a such that F'(a) = 0. (Find a exactly and find a decimal
approximation with at least 9 decimal places.)

D= 222 or A=t LHI421235¢62 é—ﬁ
:tﬁ

2
b) Find a formula for ;1 : - X, -2
()/ bt xk‘"..xk_.(k )-’—f__‘f.‘__'_.
E )= 2x 2xy Z 7 X

(GATY

(c) Using an initial guess of o = 2, complete 4 iterations of Newton’s method to find x4 and
compare your answer to the one in part (a).

Xo-:z

X |
X\-’o o.l-——-':

$\N~?l'\d

215 color-co?
2" = ¢« -l—o\"“ﬂbz

Xa = %J/"S "““24 ! :l."I"-IZ 15 686

whoa
Xy = .’%+.’(‘~= 1414213562 }—
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3. This page is intended to illustrate how Newton’s Method works and why it has the formula it does.

Again, consider the function F(z) = 2? — 2.

(a) Find the linearization L(x) of F(x) at x = 2. Leave your answer in point-slope form.

F(2)=2"-2=4-222 ¢y Yalu -2=4(x-2)
£ t=2x = 2+4(x2)
E1D) =4 «slope

(b) I've graphed F(z) for you below. Mark where v/2 2 is on this diagram and add to this diagram
the graph of L(z). i
—

(c) Find the number z; such that L(z;) = 0.

asz+4(x:z)/7 So X2 273 = 3 (L5
_-% > X\’Z

~,
(d) In the diagram above, label the point z; on the z-axis. +~ X~

(e) Let'sdoit againz!. Find the l'énearization L(z)of F(x)atx = a:1/ ) 3 O( }—)
(3)=0G)-2= §-2:q «ym J~4

F(2): 3 e slope Ll..(x) ’7,:" +3 6“3@

(f) Add the graph of this new linearization to your diagram on the first page. /

(g) Find the number z; such that L(z2) = 0. Then label the point z = x5 in the diagram.

0= +3(%-2) 75 %:2-1.1 1418

2 12" 2
-
- = -
1z 25273
(h) Compare your numbers for z; and x> to those on the previous page. They should be the
same.

Vep
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(i) Let’s be a little more systematic. Suppose we have an estimate xj, for /2.

—

e Compute F(zy). x: -2 Aatﬁ-\ldjlﬂ-k
e Compute F’(xy). Z-XK 4t Slope-

e Compute the linearization of F'(z) at z = .

Y- (x¢-2) = 2% (x-%c)

L(z) = (XRZ—ZD + 2 X (x —)(K)

e Find the number x4 such that L(z41) = 0. You should try to find as simple an ex-
pression as you can. Compare this to the formula we used on problem 1b from page
1.

O = (x¢ -2) +ZXK(X\<+| ”‘\c)

X\ o -2
,—k = Xku —XK
2_ X

2
7({-2 - Xx ]

o
Z Xy 2 X

X = X —

4. Indicate on the picture below, the values of z;, 2 and z3 that would be obtained from Newton’s
Method using an initial guess of o = 0.5.

-0.5

1.04

0.5
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5. Try to solve -X

Tr:) e =X

et —x=0

by hand. -¥ = lnt ... U%L\...

6. Explain why there is a solution between x = 0 and = = 1.

=X o
X=0: € _-x-e-0=170

X=\- 6x’x=él—l=—é—l40

So FA) = e:x.—x must cross X-axis belween x=0 andis/

7. Starting with zo = 1, find an approximation of the solution of e™ — z = 0 to 6 decimal places.

During your computation, keep track of each zj, to at least 9 decimal places of accuracy.

é’(\( ¥ -Xg . + Xy
- - - XX e —*K e
Xen = X x = Xx ¥ o ' Xk
“’CK -\ e = +l| é
AR
— e
X | + &
o
| -x, &
Xy = Xo"’ ° — . = l » |-e ~

X, % 0. 56698699/, .

Xy 0.56F14326%...
Xz 0.56%F14 3290...

-0.56% (432 7 .
Guide check © e —0.5611432 = L4x 107
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